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Large lateral deformation in almost level liquefiable ground has been observed during past strong earthquakes,
which cannot be explained by the same driving force as that in sloping ground. This study proposes a Rayleigh
wave-shear wave coupling mechanism for this phenomenon, which is evaluated on the element and site levels. A
simple element level elasto-plastic force-displacement model reveals that the combination of the symmetrical
shear force with the asymmetrical shear resistance under Rayleigh wave-shear wave coupling can be a major
contributor for the accumulation of lateral soil deformation. Finite element method numerical results for a site
level ground model shows that Rayleigh wave-shear wave coupling can induce significantly greater lateral
displacement compared to pure shear wave input, and further highlight the importance of soil liquefaction for
this phenomenon. The amplitudes and frequencies of the shear wave and the Rayleigh wave and their phase
difference are shown to affect the accumulation of lateral deformation. The findings of Rayleigh wave-shear
wave coupling induced lateral deformation are consistent with observations in past earthquakes, and should

be considered in geotechnical earthquake engineering.

1. Introduction

Large lateral deformation has been widely observed in liquefiable
ground during strong earthquakes (e.g., Wang et al., 1983; Yoshida
et al., 1992; Eberhard et al., 2010). This deformation is often considered
to be caused by the initial static shear stress within soils in sloping
ground or backfills behind retaining walls (Chiaro et al., 2013; Iai,
2018). However, large lateral deformation has also been observed in
almost level ground in several earthquakes (Hamada, 1992; Zhang and
Tokimatsu, 1998; Pei et al., 2017; Sassa and Takagawa, 2019), where
the initial static shear stress is negligible.

For example, in the 2018 Sulawesi Earthquake, several cases of large-
scale liquefaction-induced lateral deformations were observed (e.g.,
Sassa and Takagawa, 2019; Bradley et al., 2019; Socquet et al., 2019;
Wang et al., 2019; Yolsal-Cevikbilen and Taymaz, 2019; Gallant et al.,
2020; Lombardo and Tanyas, 2020). Kilometer-scale lateral deformation
occurred in very mildly sloping areas with inclination angle largely
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below 2°. Sassa and Takagawa (2019) suggested that the slides were
largely due to liquefied gravity flow, yet deformation of this magnitude
is rarely observed in laboratory experiments of medium dense liquefi-
able sandy ground of 2° to 5° slope, such as in the VELACS and LEAP
experiments (e.g., Arulanandan, 1993; Kutter et al., 2020; He et al.,
2020). Bradley et al. (2019), Watkinson and Hall (2019), and Gallant
et al. (2020) suggested that communal and rice field irrigation were the
cause for the huge flow slide. However, there were slide sites in Balaroa
that were not associated with irrigation (Kiyota et al., 2020). Surface
wave, e.g., Rayleigh wave, was observed during the Sulawesi earth-
quake (Han et al., 2019; Kusumawardani et al., 2021), the effect of
which has not yet been considered for the generation of large lateral
ground deformation. Unlike the symmetric lateral motion of shear
waves, Rayleigh waves can generate horizontally asymmetrical dynamic
motion within the ground (Brune and Pomeroy, 1963), which may also
be a triggering factor for the observed large lateral ground deformation
in nearly flat ground.
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Fig. 1. Schematic diagrams for soil motion and force-displacement under Rayleigh wave and shear wave (a) a typical seismic-wave-caused shallow sliding in a level
liquefiable ground; (b) soil motion under Rayleigh wave and shear wave; (c) force—displacement of a soil element under Rayleigh wave and shear wave.

In this study, we hypothesize that the characteristics of the seismic
wave at the site can be a crucial factor contributing to the lateral
deformation of level or very mildly sloping liquefiable ground. Although
existing studies have highlighted the significance of surface waves in
causing soil to liquefy, the influence of surface waves on the deformation
of liquefiable ground has yet to be evaluated. Fang et al. (1979) and
Wang et al. (1983) identified soil liquefaction caused by surface waves
from aerial photographs of the 1976 Tangshan Earthquake. Men (1992)
confirmed that some sand boils on ground surface in the 1976 Tangshan
Earthquake were caused by Rayleigh waves. Wolf (1985) suggested that
Rayleigh wave could cause greater peak shear stress than shear wave at
shallow depths. Staroszczyk (1996, 2016) assessed the development of
excess pore pressures and liquefaction in level sandy ground under
Rayleigh waves. Cui et al. (2004) pointed out that Rayleigh waves can be
an important cause of liquefaction in shallow saturated sandy deposit.
Jiang et al. (2021) compared the liquefaction potential of granular

material under SH wave and Love wave type loading using the discrete
element method, and suggested that effective stress reduction can occur
more rapidly under multi-direction loading caused by surface waves. To
assess liquefiable ground deformation under surface waves, high-fidelity
constitutive models for the liquefaction behavior of sand must be
adopted. This is achieved in the current study by adopting the CycLiq
model of Wang et al. (2014), which has been shown to be effective for
simulating large post-liquefaction deformations (e.g., Wang et al., 2016;
Zhu et al., 2021; Liu et al., 2020).

This study aims to analyze the effect of shear waves, Rayleigh waves,
and their coupling on the lateral deformation in level liquefiable ground
to provide a new perspective for explaining the large lateral deformation
observed in almost level grounds during earthquakes. A simple element
level force-displacement model using linear elastic, elastic-perfectly-
plastic, and CycLiq constitutive models, respectively, is first used to
explain the physics of asymmetrical deformation accumulation under
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Fig. 2. Time histories of F; and F, for the force-displacement element model.

Rayleigh wave-shear wave coupling in Section 2. A finite element
model, using the CycLiq constitutive model for liquefaction behavior of
sand and viscous-spring artificial boundary conditions for non-uniform
seismic wave input, is then proposed in Section 3 to analyze the
behavior of liquefiable ground under various forms of seismic input for a
typical level liquefiable ground. The computed displacements, strains,
and stresses under different forms of seismic waves are analyzed in
detail in Section 4, revealing the influence of Rayleigh wave and its
coupling with shear wave on the lateral deformation in level liquefiable
ground. Section 5 discusses the influence of shear wave and the Rayleigh
wave amplitudes, frequencies and their phase difference on lateral
deformation.

2. Element level explanation for the influence of Rayleigh wave-
shear wave coupling on soil deformation

The hypothesis that Rayleigh wave input can contribute to the gen-
eration of large lateral deformation in liquefiable soil is first assessed in
this section on an element level, as a proof of concept. For a typical
seismic-wave-caused shallow slide in level liquefiable ground shown in
Fig. 1(a), shear waves induce horizontal shear force in the soil, whereas
Rayleigh waves induce horizontal compressive normal force, as shown
in Fig. 1(b).

Asillustrated in Fig. 1(c), an element level force-displacement model
is constructed in to consider the influence of shear wave and Rayleigh
wave induced loads on soil deformation near the shallow slide face. At
shallow depths near the ground surface, a shear wave generates hori-
zontal shear load F; on the element, while a Rayleigh wave generates a
horizontal compression load Fo. Ry and Ry are the resistance forces
generated by the soil as the element deforms in shear and compression,
respectively. The vertical forces induced by Rayleigh wave acting on the
element are less than 5% of the gravitational stress, numerical in-
vestigations show that the influence of vertical forces is insignificant.
Thus, the vertical forces are considered constant here for simplicity.
Assuming point A to be fixed, the total displacement u caused by shear
and compression is the relative displacement between A and C.
Displacement components u; and uy represent relative displacement
caused by shear and compression deformation, respectively, with u = u;
+ up. L and H are the length and height of the element, respectively.

The dynamic equilibrium equations for the force-displacement
model are:

pHLii, = F| — R, — cii (1)
pHLiiy = F, — Ry — ciiy (1b)

where p is the soil density and c is the damping coefficient. These two
differential equations can be solved with a central difference time-
integration method, once the loads F; and F; and resistance forces Ry
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and R, are determined as described in Section 2.1 and 2.2.

2.1. Seismic wave induced loads

Without losing generality, the shear and compression loads gener-
ated by shear wave and Rayleigh wave, respectively, are considered
sinusoidal. Sand does not usually possess tensile strength, so both F; and
Ry must remain non-negative. Here, positive value refers to compression
in accordance to the sign conventions of soil mechanics. Thus, the loads
are expressed as:

Fy, = Aysin(wt + 0) (2a)
F> = max|A;sin(w,t), 0] (2b)

where A; and A, are the amplitudes of input loads, w; and w, are the
circular frequencies of loads, which are considered to be the same for the
element level analysis for simplicity, i.e., w1 = w2 = w, and @ is the phase
difference between shear wave and Rayleigh wave. For a 2-D problem in
the x-z plane, shear wave travels vertically (i.e., along the z direction)
and Rayleigh wave travels horizontally (i.e., along the x direction). The
general solutions of displacements ug under single direction traveling
shear wave and ug under Rayleigh wave at any point (g, 2o) and time ¢t
are expressed as:

us(xo, 20, 1) = f (@1 — &s2o) (3a)
ug(xo, 20, 1) = h(z0)g (w2t — Epxo) (3b)

where f(*) and g(*) are the general solutions of wave equations under
shear wave and Rayleigh wave, respectively. h(*) is the distribution
function of Rayleigh wave along depth, which is constant with time. &g
and &g are the wave numbers of shear wave and Rayleigh wave,
respectively. In Eq. (3-a) and (3-b), if w; = wy = @ and the phase of
Rayleigh wave is set as 0° at t = 0 s and x = 0, the phase difference 0 is
determined by x and 2o:

0 = Epxo — 520 4

Therefore, § would vary depending on the relative locations of the
source of earthquake and the location of the site. It is assumed in this
section that § = 0° for the element level analysis for simplicity.

In the element level analysis of this section, for loads F; and F», as-
sume A = A = 20 kN, w = 2nrad/s, = 0°, with time histories shown in
Fig. 2. As Eq. (2) dictates, F; is symmetrical and F» is asymmetrical due
to sand being unable to withstand tension. F; and F can be input
independently or in combination to simulate the input from a shear
wave, a Rayleigh wave, or a combination of both.

2.2. Calculation of resistance forces

The resistance forces R; and Ry are dictated by the constitutive
behavior of the soil element. In this section, three different types of
constitutive models are used on the element level to assess the influence
of shear wave and Rayleigh wave coupling. The linear elastic model is
used as a benchmark, the elastic-perfectly plastic model using the von
Mises yield criterion to provide a simple illustration for the role of
plasticity in Rayleigh wave induced deformation, the high fidelity
CycLiq model is finally adopted to provide a realistic assessment of
Rayleigh wave induced deformation in liquefiable soil.

It is assumed that stresses and strains are homogeneous in the
element, such that:

u, =yH (5a)
u, = €L (5b)
R, =1L (5¢)
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Table 1
Parameters of the unified plasticity model for liquefaction behavior of sand.
Parameter Value Category
Go 200 kPa Parameters for elastic modulus
K 0.008
h 1.8 Parameters for plastic modulus
n’ 1.1
M 1.35 Parameters for critical state
A 0.019
& 0.7
eo 0.934
dre1 0.1 Parameters for dilatancy
dre2 30
di 0.75
a 10
nt 7.8
Ydr 0.05 Reference shear strain
ein 0.8 Initial void ratio
Rz =oH (5d)

where 7, ¢, 7, and ¢ are shear strain, compression strain, shear stress, and
compression stress, respectively. Specifically in the case analyzed here,
assume H=L=1m, p =2.0 g/cm3, ¢ = 80 kN/(m/s), the process of
calculating Ry and Ry under the three different constitutive models are
presented as follows:

(1). For linear elastic constitutive relation, shear deformation and
compression deformation are decoupled:
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T =Gy (6b)
where E; is the compression modulus and G is the shear modulus. The
modulus is chosen based on typical undrained medium-stiff soil, i.e., G
= 20 MPa, E; = 400 MPa.

(2). For elastic-perfectly plastic constitutive relation with von Mises
yield criterion, the formulation and parameters for elasticity are
the same as above, while the yield surface is expressed as:

h=c*/3+7 =k (7
where k is the yield stress, set as 10 kPa in this section. The Drucker
postulate and associated flow rule are also satisfied for the element:

658, =0 (€))
where the superscript p represents the plastic strain component, the
superscript e represents the elastic strain component.

Using the elasto-perfectly-plastic model with von Mises yield crite-
rion provides an intuitive means to illustrate the influence of wave type
when plasticity is incurred, and could be easily verified against analyt-
ical solutions. It should be noted that the von Mises yield criterion is not
directly applicable to liquefiable soil and is only used here as a proof of
concept.

(3). For a more realistic representation of soil liquefaction behavior,
the CycLiq model with parameters listed in Table 1 is also
adopted. The parameters are chosen within the typical range of

6 = E ¢ (6a) existing studies. For conciseness, a brief categorization for the
model parameters is provided in Table 1, while the detailed
50
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5
g 0 :
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25t L
a b
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Fig. 3. Typical undrained cyclic torsional shear stress—strain response under initial confining stress of 50 kPa and deviatoric stress amplitude of 35 kPa, using the
selected set of model parameters: (a) stress path in deviatoric stress g and mean effective stress p’ space; (b) relationship between shear strain y and deviatoric stress g.
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Fig. 4. Time histories of the total displacements u for three different forms of input waves using force—displacement element model under linear elasticity.
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Fig. 6. Numerical simulation results of the force-displacement element model using the CycLiq model: (a) total displacement u time histories under S wave, R wave,
and C wave; (b) time histories of displacement components u; and u, under C wave; (c) stress path in deviatoric stress ¢ and mean effective stress p’ space under S
wave, R wave, and C wave; (d) relationship between shear strain y and deviatoric stress ¢ under S wave, R wave, and C wave.
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Fig. 7. Plane-strain solid-fluid coupled finite element analysis for a level liquefiable ground model under Rayleigh wave and shear wave: (a) the finite element mesh;
(b) boundary condition at the left side; (c) boundary condition at the base; (d) boundary condition at the right side.

formulation of the model is not presented in this study, which can
be found in detail in Wang et al. (2014, 2021).

To illustrate the cyclic behavior of sand captured by the CycLiq
model for these given parameters, a numerical undrained cyclic
torsional shear test under initial confining stress p’ of 50 kPa and
deviatoric stress q amplitude of 35 kPa is conducted. Here, p =
(0'/11 + Gy +a’33)/3, q = sign(x)\/3/2s:s, v = sign(r)\/3/2e e,
where s and e is the deviatoric stress and strain tensor, the sign(*)
function in the definition of g and y is to reflect the direction of devia-
toric stress and shear strain. Fig. 3 depicts the stress—strain curves in
terms of both effective stress reduction and post-liquefaction shear
deformation, which are shown to be representative of typical experi-
mental results of sands (Zhang and Wang, 2012). The effective stress
decreases during cyclic loading due to contraction, after initial lique-
faction where mean effective stress p’ reaches zero for the first time, the
“butterfly orbit” is observed (Fig. 3 (a)). At liquefaction state during
each load cycle, the accumulation of large but bounded post-liquefaction
shear strain y is observed in Fig. 3 (b). Note, the results in Fig. 3 are not
quantitative simulations of any actual experiments.

2.3. Analysis results at the element level

As a benchmark case, the resulting time histories of the total
displacement u under pure shear wave (i.e., S wave), pure Rayleigh
wave (i.e., R wave), and a combination of Rayleigh wave and shear wave
(i.e., C wave) using linear elastic constitutive relation are shown in
Fig. 4. The analytical solutions under S wave and R wave are provided in

Appendix A. The displacement amplitudes of the analytical solutions are
also marked in Fig. 4, which agrees with the numerical results to provide
validation for the numerical solution. The displacement is oscillatory
with no accumulation under all three forms of input waves, even though
the input load for the Rayleigh wave and the combined wave are
asymmetrical. The displacement under R wave is much smaller than that
under S wave or C wave, because the compression modulus of saturated
soft soil dynamic load is generally much greater than the shear modulus.

Fig. 5 shows the time-dependent displacements of a plastic element
under elastic-perfectly plastic constitutive relation with von Mises yield
criterion excited by different forms of waves. As shown in Fig. 5(a), no
displacement accumulation is noted under S wave when plasticity is
considered. In contrast, evident displacement accumulation occurs
under R wave. The accumulated displacement is more significant for C
wave, being an order of magnitude greater than that of R wave. The
oscillatory displacement amplitude under C wave is close to that of S
wave and much larger than that of R wave, agreeing with that of the
elastic analysis.

Shear induced displacement u; and compression induced displace-
ment uy for the three forms of input waves are compared in Fig. 5(b) and
(¢). The accumulation of us under C wave is about twice that of R wave,
while no accumulation is observed for S wave (Fig. 5(b)). However, the
difference in cumulative compressive displacement alone does not
explain the huge difference in the total displacement for C wave and R
wave input. Unlike under the other two wave inputs, significant accu-
mulation of u; occurs under the combination of R wave and S wave input
(Fig. 5(c)). This indicates that the deformation accumulation under the
combined wave is mainly generated via asymmetrical shear
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Fig. 8. Input shear wave and Rayleigh wave acceleration time histories: (a) input shear wave at the bottom boundary of the model; (b)-(d) input Rayleigh wave at the

left boundary at different depths.

deformation, even though it is the input compression force that is
asymmetrical.

Fig. 5(d) plots the shear resistance force R; under S wave and C wave
in comparison with the input shear load F; to show the influence of
compression-shear coupling under the combined wave. The shear wave
induced load F; is the same and symmetrical for both forms of input, but
R; becomes asymmetrical after adding the asymmetrical compression
load Fs. For the plasticity model, although elastic compression and shear
deformation are decoupled, the plastic deformation is affected by the
coupling of the compression and shear stresses, and thus the asymmetric
compression stress induced by the Rayleigh wave also causes the shear
resistance R; to be asymmetrical (R;-C in Fig. 5(d)). Therefore, the
combination of Rayleigh wave and shear wave greatly amplifies the
effect of asymmetrical load from the Rayleigh wave on deformation
accumulation.

The numerical results for the element analysis using the CycLiq
constitutive model under undrained conditions with initial confining
stress of 50 kPa are plotted in Fig. 6. Fig. 6 (a) and (b) presents similar
displacement time history patterns using the CycLiq model as those in
Fig. 5. Displacement oscillation is observed under S wave in Fig. 6 (a)
without displacement accumulation, while the displacement under R
wave is almost negligible. In contrast, significant displacement accu-
mulation is evident under C wave, reaching over 0.4 m at t = 10 s. Fig. 6
(b) compares the shear induced displacement component u; and
compression induced displacement component u; under C wave, and
confirms once more that the large displacement accumulation is mainly
induced by shear deformation u;, and is much greater than us.

Fig. 6 (c) plots the effective stress paths in g-p” space under S wave, R
wave, and C wave. The effective stress p’ under both S wave and C wave
approaches liquefaction during loading, while the decrease in effective
stress is very limited under R wave. The high effective stress attained
under R wave corresponds to relatively high modulus, thus resulting in
the almost negligible deformation observed in Fig. 6 (a), which is also
observed in the g-y stress-strain plot in Fig. 6 (d). Fig. 6 (d) highlights

that although low effective stress is achieved under both S wave and C
wave, and significant shear strain is observed at or near liquefaction
state under both types of waves, the shear strain does not accumulate
under S wave, while shear strain accumulation progresses with
increasing load cycles under C wave. The results using the CycLiq model
agrees qualitatively with the conceptual findings using the simple
elastic-perfectly plastic constitutive relation, and clearly suggest that
soil degradation and asymmetrical force and resistance under C wave
can lead to shear strain accumulation of an order of magnitude greater
than that under S wave on the element level. For an actual liquefiable
level ground, this type of deformation accumulation at the element level
could result in significant lateral displacement.

3. Finite element analysis model

To evaluate the seismic-wave-caused lateral deformation in level
liquefiable ground shown in Fig. 1(a) on a site scale, this section presents
a plane-strain solid—fluid coupled finite element analysis model imple-
mented in OpenSEES (McKenna and Fenves, 2001), an open-source
software framework for earthquake engineering simulation. The 200
m x 50 m rectangular finite element saturated ground model is shown in
Fig. 7(a), where each quadrilateral element with the u-p solid-fluid
coupling formulation (Zienkiewicz and Shiomi, 1984) is 2 m x 1 m in
size. The liquefiable soil composes a 160 m x 10 m rectangular region, at
the ground surface in Fig. 7(a). The rest of the soil is non-liquefiable.

Liquefaction-caused lateral deformations are mostly observed in
shallow layers near the ground surface, where the energy of Rayleigh
wave is also concentrated, so the depth of liquefiable zone in Fig. 7 is set
as 10 m. To reduce the constraint of non-liquefiable soil on the liquefi-
able soil to accommodate lateral deformation, and considering the
attenuation of Rayleigh wave in liquefiable ground, the width of lique-
fiable zone is set as 160 m. As it is difficult to directly input realistic
nonuniform seismic motion into plastic medium accurately, a non-
liquefiable zone enclosing the liquefiable zone is used to allow for
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input of the seismic motions according to analytical solutions in elastic
medium.

Free drainage condition is applied at the ground surface (z = 0 m),
while the other boundaries are undrained because the seepage discharge
of the FEM model with low permeability coefficient is negligible (esti-
mated to be less than 1 x 10° m? in the 20 s computation period).
Viscous-spring artificial boundary conditions (Liu et al., 2006), are
introduced at the sides and base of the model to absorb scattered waves.
Equivalent loads are applied on the left side for Rayleigh wave input
(Fig. 7(b)), and at the base for shear wave input (Fig. 7(c)). This type of
boundary condition has been shown to be effective for non-uniform
seismic input into saturated domains under u-p formulation as the
pore pressure wave velocity under this condition is close to zero (Li and
Song, 2013). The determination of the parameters and equivalent loads
of the artificial boundary condition is presented in more detail in Ap-
pendix B.

The permeability coefficients of the liquefiable and non-liquefiable
zones are assumed to be k = 1 x 10* m/s and k = 1 x 10® m/s,

respectively. The saturated density of both is p = 2.0 x 10° kg/m>. The
non-liquefiable soil is modeled as an isotropic linear elastic material
with Young’s modulus E = 50 MPa and Poisson’s ratio v = 0.4, corre-
sponding to medium-stiff sandy clay. The liquefiable soil is modeled
using the CycLiq model, with the parameters in Table 1. It should be
noted that the choice of isotropic linear elastic model for the non-
liquefiable soil is a simplification considering the focus of the study is
on the behavior within the liquefiable zone. In the simulation results, the
strain of the non-liquefiable soil is less than 0.6%, which makes the
choice to omit nonlinearity acceptable (Mitchell, 1993).

For the numerical simulations using OpenSEES, the Krylov-Newton
algorithm (Scott and Fenves, 2015) is employed to solve the non-
linear equations. The Hilber-Hughes-Taylor integration algorithm
(Hilber et al., 1977) with a = 0.7 is used for time-domain integration.
The penalty method with penalty factor @ = 1 x 10*2 is introduced for
constraints. Transient analysis is performed with variable time step.

As the actual seismogram recordings are usually a mixture of
different types of seismic wave, it is difficult to decompose shear wave
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Fig. 10. Time histories of displacement and strain at typical locations under the three input waves: (a) lateral displacement u, at (-60 m, —1 m); (b) lateral
displacement u, at (-60 m, —9 m); (c) horizontal normal strain &, at (-60 m, —1 m); (d) horizontal normal strain ¢, at (-60 m, —9 m); (e) shear strain ¢, at (-60 m, —1

m); (f) shear strain &,, at (-60 m, —9 m).

and Rayleigh wave from these records, especially under complex
geological conditions (Miller and Pursey, 1955). Therefore, sinusoidal
motions are first used here to clearly distinguish the influence of the
different wave types. The input motions as reference follow ramped si-
nusoidal time histories:

[ /10 x Agsin(wt + 0) t<10s (9a)
as = Agosin(w 1 + 6) 10s < 1<20s
[ /10 X Agoesin(wot) 1<10s
ARy = {Akgxsin(wzt) 10s < t<20s (9b)
[ /10 x Agg.sin(w,t) t<10s
ks = {ARgzsin(a)zt) 10s < 1<20s @)

where ag, agy, and ag, are the accelerations of the input shear wave, the
horizontal component of Rayleigh wave, and the vertical component of
Rayleigh wave, respectively. It is assumed that w; = wp = 2n rad/s and 6
= 0, for a typical analysis. The input shear wave and Rayleigh wave
acceleration time histories are shown in Fig. 8. The input shear wave (S
wave) is uniform along the bottom boundary of the model following as

in Eq. (9-a), and the input Rayleigh wave (R wave) is non-uniform along
the left boundary following ag, and ag, in Eq. (9-b) and Eq. (9-c). The
average input acceleration amplitude along the ground depth under the
Rayleigh wave is set to be equal to that of the input shear wave, i.e.,

Aro = [%59 \/AZ0x(2) + AZy,(2)dz/50 = Ago, for a basis of comparison of

the two types of input waves. For the combined wave (C wave) input, the
input for the S wave and R wave are directly superimposed. This inev-
itably raises questions about whether the C wave case is comparable
with the two other cases, which is later discussed in Section 5 by altering
the input acceleration amplitudes.

4. Rayleigh wave-shear wave coupling induced level liquefiable
ground lateral deformation

The displacement distributions in the liquefiable zone, the strains at
typical locations, and the stresses at the location with maximum defor-
mation in the finite element model under three types of input waves are
presented in this section, to analyze the large lateral deformation phe-
nomenon, mechanism, and influence of soil liquefaction, respectively.
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4.1. Displacement distribution in the liquefiable zone

Distributions of lateral residual displacement after shaking for the
ground model under the S wave, R wave, and C wave are shown in Fig. 9.
The lateral residual displacement colourmaps within the liquefiable
zone under the three different waves are plotted in Fig. 9(a).

A near symmetrical distribution of lateral residual displacement is
observed within the liquefiable zone under the S wave (i.e., leftward in
the left half of liquefiable zone and rightward in the right half) in Fig. 9
(a), whereas the distributions under the R wave and the C wave are
asymmetrical. Under the R wave and the C wave, positive rightward
residual displacement is observed (i.e., in the same direction as Rayleigh
wave propagation).

The lateral residual displacement distributions at the ground surface
under the three different inputs are plotted in Fig. 9(b). The maximum
lateral residual displacement at the ground surface is 0.06 m at x = -48
m under the S wave, 0.14 m at x = -76 m under the R wave, and 0.21 m
at x = -60 m under the C wave, respectively. Positive lateral residual
displacement occurs at the ground surface under the Rayleigh wave
input, but decreases to less than 0.01 m at x > -46 m. This indicates that
the Rayleigh wave decays quickly in liquefiable soil, due to the decrease
in the effective stress. If a shear wave is also involved, for the case of the
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combined wave, this lateral residual displacement is attained within a
greater range, i.e., decreases to less than 0.01 m at x > -20 m. Thus,
Rayleigh wave-shear wave coupling not only amplifies the magnitude of
lateral deformation within liquefiable soil, but also increases the area
affected by the input motion.

Three vertical cross-sections, at x = -76 m, x = -60 m, and x = -48
m, where the maximum residual displacement is observed under the
three input waves are plotted in Fig. 9(c), Fig. 9(d), and Fig. 9(e),
respectively. No residual displacement occurs within the linear elastic
non-liquefiable soil (-30 m < z < -10 m), as expected. Fig. 9(c) displays
almost the same distributions of displacement along depth under the R
wave and the C wave at x = -76 m, highlighting the role of Rayleigh
wave in displacement accumulation. However, the residual displace-
ment caused by the C wave is more than three times that under the R
wave at x =-60 m and —48 m, with distinct depth distribution, as shown
in Fig. 9(d) and (e). The displacement gradient, indicating shear strain,
is significant near the interface between the liquefiable and non-
liquefiable soils (i.e., z = -10 m) under the combined wave.

4.2. Displacement, strain, and stress at typical locations

At x = -60 m in Fig. 9(d), where the lateral deformation is largest
under the C wave, two typical locations with different depths, z = -9 m
(i.e., near the interface between the liquefiable and non-liquefiable
soils) and z -1 m (i.e., near the ground surface), are chosen to
analyze the strains and displacements in detail. The time histories of
lateral displacement, compression strain, and shear strain at these two
locations under the three different input conditions are illustrated in
Fig. 10, respectively.

Fig. 10 (a) and (b) plots the displacement time histories at the surface
and base of the liquefiable zone under the three waves. The contribution
of normal strain on lateral deformation is very small, visible from the
normal strain time histories in Fig. 10 (c) and (d), agreeing with the
element level analysis in Section 2. The accumulation of lateral defor-
mation is mostly caused by the accumulation of shear strain near the
interface between the liquefiable and non-liquefiable soils in Fig. 10 (f),
whereas the shear strain at the surface is small (Fig. 10 (e)).

The contribution of soil liquefaction to the large lateral displacement
is further investigated through the relationship between mean effective
stress p’ and shear strain ¢,, at the location (-60 m, —9 m) in Fig. 11,
where the large lateral deformation appears under C wave. Under S
wave (Fig. 11(a)), effective stress quickly decreases to below 20 kPa
within 7 s, after which significant oscillatory shear strain is observed at
liquefaction with negligible asymmetrical accumulation. Under R wave
(Fig. 11(b)), effective stress below 20 kPa is reached much later, at 12 s,
after which asymmetrical shear strain accumulation is observed. Under
C wave (Fig. 11(c)), the shear wave component imposes quick effective
stress decrease, reaching below 20 kPa within 5 s, while the combination
of Rayleigh wave component with shear wave component induces sig-
nificant asymmetrical shear strain accumulation.

Herein, an explanation for the large level ground lateral deformation
observed in past earthquakes can be provided in full. Rayleigh wave can
induce asymmetrical force within near surface soil, causing some
asymmetrical lateral soil deformation. The coupling between Rayleigh
wave and shear wave results in asymmetrical shear resistance within
soil, to cause much greater lateral soil deformation. This lateral soil
deformation induced by Rayleigh wave-shear wave coupling is signifi-
cantly amplified in liquefiable soil, as soil degrades due to effective
stress reduction.

Under the conditions here, the maximum strain in the site level
model is less than 12%, yielding it adequate to use the small strain finite
element method, as is adopted in this study. However, the influence of
nonlinearity of the geometry may be non-negligible when greater strain
is generated, where large strain formulations would be needed.
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5. Influence of input wave characteristics on lateral deformation

The analysis in Section 4 assumes that for the combined wave, the
average input acceleration amplitude of the Rayleigh wave and that of
the shear wave input are the same, while having the same frequencies as
well, the phase difference between the two types of waves is not
considered, i.e., Ag = Ag, 1 = wy = 21 rad/s, and 6 = 0°. Acceleration
amplitude reflects the energy of the input wave, while frequency and
phase difference of the two waves can also be of significant influence on
soil deformation (Jibson and Tanyas, 2020), and are thus investigated in
this section. At last, a simple composition of shear wave and Rayleigh
wave based on actual seismograms in both vertical and horizontal di-
rections is executed and input into the finite element model for com-
parison with the sinusoidal input.

11

5.1. Acceleration amplitude As and Ar

The analysis for the S, R, and C waves in Section 4 are based on the
assumption that Ag and Ag are equal. Under this assumption, one may
argue that the increase in residual lateral displacement for the C wave
case is due to its stronger input motion rather than the effect of Rayleigh
wave-shear wave coupling. To address this, the influence of input ac-
celeration amplitudes is assessed. For S wave input, Ag is changed with
respect to Agg. For R wave, Ag is changed with respect to Agg. For C
wave, both Ag and Ay are changed.

The residual lateral displacement for different input acceleration
amplitudes at x = -60 m and —30 m < z < 0 m under the S, R, and C
waves are shown in Fig. 12 (a), Fig. 12 (b), and Fig. 12 (c) and (d),
respectively. The results clearly show that changing the input S wave
acceleration amplitude has very limited influence on the residual
displacement in the liquefiable ground when Ag/Agy is between 0.5 and
2. In contrast, for R wave, increase in input Ag significantly affects
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residual displacement. When Agr/Agrp = 2.0, the surface residual
displacement becomes three times that for Agy. For C wave, the residual
displacement is again relatively insensitive to shear wave amplitude
change, while being very sensitive to Rayleigh wave amplitude change.
These results clearly highlight that the increased residual displacement
observed for the R and C waves compared with that of the S wave are not
simply due to input acceleration amplitude differences, and justifies the
Rayleigh wave-shear wave coupling mechanism as a cause for the large
level ground lateral deformation.

5.2. Frequency w; and wz

The influence of frequency of the Rayleigh wave and the shear wave
and phase difference between them is also investigated in subsection 5.2
and 5.3. The same displacement distributions as those in Fig. 12, but for
different wq, wy, and 6, are shown in Fig. 13, Fig. 14, and Fig. 15,
respectively. Fig. 13 (a) shows that the dynamic lateral displacement
under w; = n rad/s, i.e., frequency f; = 0.5 Hz, is significantly greater
than other conditions. This is because the input shear wave frequency is
close to the fundamental frequency of the ground, which is 0.55 Hz.

Fig. 13 (b) displays different levels of residual lateral deformation
under different w1. When w1 = n rad/s, the residual lateral displacement
in liquefiable soil is negative near the interface between liquefiable soil
and non-liquefiable soil, and positive near the ground surface. The
negative displacement near the interface is likely due to the relatively
strong response induced by the shear wave under this condition, and
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corresponds to the negative residual displacement for pure shear wave
input in Fig. 9. As depth decreases, the effect of the Rayleigh wave be-
comes more prominent and generates positive residual displacement.

When 0, = 4nrad/s, i.e., w1 = 2wo, the residual lateral displacement
is much smaller than the other cases (Fig. 13 (b)). The cause for this
phenomenon is that although the Rayleigh wave is still asymmetrical,
every half cycle of the Rayleigh wave is overlapped by a complete cycle
of the symmetrical shear wave, resulting in a mostly symmetrical soil
response. These analyses indicate that the frequency of the shear wave
significantly affects dynamic displacement, while the relative relation-
ship between the frequencies of the shear wave and the Rayleigh wave
affects the accumulation of residual displacement.

The results in Fig. 14 shows that the frequency of the Rayleigh wave
has relatively small influence on dynamic displacement (Fig. 14 (a)),
while significantly affecting residual displacement (Fig. 14 (b)). For w>
= 2r rad/s and 3=n rad/s, positive residual displacement accumulation is
observed as is in Section 4. For wy = & rad/s or 4z rad/s, the residual
lateral displacement is negative, similar to that under pure shear wave in
Fig. 9. This indicates that greater lateral residual displacement is
generated when the frequencies of the Rayleigh wave and the shear
wave are closer.

5.3. Phase difference 6

From Fig. 15, for § = 0° or 90°, the accumulation of residual
displacement is significant. However, the residual displacement is much
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smaller for & = 180° or 270°, which is caused by the asymmetrical
Rayleigh wave becoming symmetrical with respect to the shear wave. As
the phase difference between the two types of waves is affected by the
ground characteristics and the distance from the seismic source, this
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Fig. B1. The schematic diagram for non-uniform seismic input: (a) the viscous-
spring artificial boundary condition; (b) computational method for equiva-
lent loads.

indicates that the accumulation of lateral displacement in the ground is
site specific and location dependent.

5.4. Input wave based on realistic earthquake recordings

The previous analysis is based on sinusoidal wave input, which is
convenient for the analysis of the basic mechanism but different from
realistic earthquake ground motions. The seismic recordings during the
1971 San Fernando Earthquake, where Rayleigh wave was clearly
observed (Canitez and Toksoz, 1972), are applied to the model in Fig. 7
and used here as a more realistic example. The seismograms data from
the Pasadena-CIT Athenaeum Station (Ancheta, et al. 2013) are used
(Fig. 16). The input shear wave and Rayleigh wave acceleration time
histories are back calculated from the vertical and horizontal accelera-
tion time histories based on the method of energy partition proposed by
Miller and Pursey (1955), which is presented in more detail in Appendix
C.

Fig. 17 (a) plots the time histories of computed pore pressure at the
point (-78 m, —5 m) under S wave, R wave, and C wave based on actual
seismograms. The chosen point is near to the source of Raleigh wave
because the Rayleigh wave decays quickly for this recorded ground
motion. The pore pressure exceeds 100 kPa at 5 s under C wave and R
wave, and at 9 s under S wave, indicating liquefaction at 5 m depth. Note
the earlier liquefaction initiation under R wave and C wave is likely due
to the greater acceleration amplitude of the Rayleigh wave back calcu-
lated from the recorded ground motion. The lateral displacement at
point (-78 m, 0 m) is shown in Fig. 17 (b). The lateral displacement
under C Wave exhibits significantly greater accumulation towards the
positive rightward direction compared with S and R waves, and the
residual lateral displacements after shaking are 0.05 m, 0.09 m, and
0.15 m under S wave, R wave, and C wave, respectively. These results
obtained using realistic earthquake recordings further confirms the
findings from the sinusoidal input, highlighting the Rayleigh wave-shear
wave coupling mechanism for large lateral deformation in level lique-
fiable ground.

6. Conclusions

Motivated by the observations of large lateral deformation in almost
level liquefiable ground during past strong earthquakes, this study
proposed the coupling of Rayleigh wave and shear wave as a mechanism
for this phenomenon. Rayleigh wave-shear wave coupling is proved to
play an important role in the accumulation of large lateral deformation
in level liquefiable ground on a simple element level and a site level.

The simple element level elasto-plastic force-displacement model
revealed conceptually that Rayleigh waves can induce asymmetrical
compression force within near surface soils, and cause an asymmetrical
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shear resistance within soil when coupled with shear waves. The
asymmetric compression force induced by Rayleigh waves alone can
cause asymmetrical lateral deformation, but is limited in value. The
combination of the symmetrical shear force induced by shear wave with
the asymmetrical shear resistance is the major contributor for the
accumulation of lateral deformation. The element level analysis using
the CycLiq constitutive model further confirmed this mechanism valid
for liquefiable soil.

The finite element analysis used the CycLiq constitutive model for
liquefaction behavior of sand and viscous-spring artificial boundary
conditions. The site level numerical results agreed with the findings in
the element level model. The numerical results further indicated the
importance of soil liquefaction on lateral displacement, where the
degradation of liquefiable soil amplifies the lateral displacement accu-
mulation caused by Rayleigh wave and shear wave coupling. Large shear
strain is shown to be mainly concentrated near the interface between
liquefiable and non-liquefiable soil.

The frequencies of the shear wave and the Rayleigh wave and their
phase difference were shown to be influential to the accumulation of
lateral displacement. The residual lateral displacement is greater when
the frequencies of the two types of waves are closer and the phase dif-
ference between the two types of waves are at § = 0° and 90°.

It must be pointed out that Rayleigh wave-shear wave coupling
induced lateral deformation is one source of the large lateral deforma-
tion in almost level liquefiable ground observed during strong earth-
quakes. Many other factors may contribute to this phenomenon, e.g.,
geological conditions, irrigation, etc. The numerical analysis in this
study adopted small strain finite element method, where the accumu-
lation of lateral deformation is limited by the analysis method. Further
studies should conduct using numerical methods supporting large
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deformation (Chen and Tong, 2014; Jie et al., 2008) to more realistically
simulate the observations from recent earthquake events.
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Appendix A. . Analytical solution for the linear elastic element level model

For a single degree of freedom forced vibration model under harmonic load using linear elastic constitutive relation and linear damping, the

equation of motion is:

mii + ci + ku = pysinot

(A1)

where m is the mass, c is the damping coefficient, k is the stiffness coefficient, u is the displacement, pp and w are the amplitude and circular frequency
of the load, respectively. The general solution of equation (A1) can be expressed as:

u(t) = exp( — ¢w,t)(Acoswpt + Bsinwpt) + Ccoswt + Dsinwt

(A2)

where ¢ = ¢/(2mw,) is the damping ratio, w, = \/k/m, wp = wa+/1 — 2. The value of parameters A and B are determined by the initial state of
motion, C and D are determined from the particular solution for the steady state.

For the element level model under S wave in subsection 2.3, m = 2 x 10° kg, c =8 x 104N/(m/s), k=2x 107N/m, Po=2X 104N, w = 2nrad/s.
Considering the initial state of motion is u(0) = 0 and u(0) = 0, the analytical solution under S wave is:

u = [1.00 x 1075in(6.28t) — 6.31 x 10 >s5in(97.98t)exp( — 20.00¢) |m

Similarly, the analytical solution under R wave for ns<t<(n + 1/2)s is:

[5.00 x 10 %sin(6.281) — 7.03 x 107 sin(446.761)exp( — 20.12(t — n) ) Jm
While for (n+ 1/2)s<t<(n + 1)s, the solution is:
[(—4.57 x 10 sin(6.87(t —n — 1/2) ) )exp( — 20.00(t —n — 1/2) ) Jm

where n = 0,1,2,...,9.

Appendix B. . Rayleigh wave input method

(A3)

(A4)

(A5)

The method for determining the parameters of the artificial boundary conditions and the equivalent loads is presented here in brief. The general
displacement solution of a 2-D cylindrical shear wave in the polar coordinate system can be expressed as:

ur,t) =f(r—c,t)/\/r

(B1)
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where c; is the shear wave velocity of the media and r is the distance to the source.
The velocity solution is:

i(r,t) = —cf (r—c,0)/\/r (B2)
The shear stress in this wave field follows:

o(r,1) = Gou/dr = G~ f(r — c;0)[2r/r 4+ (r — est) /\/7] (B3)
Substituting Eq. (B.1) and Eq. (B.2) into Eq. (B.3), the shear stress at r = R can be expressed as:

7(R,t) = — (G/2R)u(R,t) — pcsu(R, 1) (B4)

From Eq. (B.4), it can be found that the shear wave propagating perpendicularly to the artificial boundary will be completely absorbed if the
artificial boundary is set as a spring with stiffness coefficient K = G/2R and a damper with damping coefficient C = pc;, as shown in Fig. B1(a). A
similar artificial boundary condition can also be determined for compression waves.

Fig. B.1(b) depicts the method for computing the equivalent load p(t) applied at the boundary element. To generate the displacement u(t) under a
given seismic excitation, the equivalent load p(t) applied on the boundary element should be in balance with the resistance f(t) caused by the viscous-
spring artificial boundary condition and the stress o(t) at the boundary element caused by the seismic input:

p(t) = o(1) +£() (B5)

where f(t) can be determined by substituting u(t) into Eq. (B.4), and o(t) can be determined by substituting u(t) into the geometric and the constitutive
equations.
Taking Rayleigh wave as an example, the analytical solutions of displacements under Rayleigh wave can be expressed as:

w, = EAlexp(—az) — 2aB/ (B + &)exp(—p2)]sin(wr — &x) (B.62)
u. = —aAfexp(—az) = 28/ (* + & )exp(—pz) cos(wr — &x) (B-6b)
a=\E-gp=y/-2 (B.6¢)

where &, £, and &5 are the wavenumbers of Rayleigh wave, P wave, and S wave, respectively. A is a parameter for displacement amplitude. From
the solutions of displacements, the stresses can be calculated through constitutive relation and geometric equations:

6o = A{Ad? — (A4 2G)Eexp(—az) + G(* + & )exp(—pz) }cos(wt — £x) (B.7a)
T, = —2GatA[exp(—az) — exp(—pz)]sin(wt — &x) (B.7b)
Therefore, the equivalent forces for Rayleigh wave can be expresses as:

Pu(6:2) = 00(0,2) Lo + (4 +26) 2Ru(1,2) o+ peyic(1,2)| (8.82)

x=0

Pz(tv Z) = TXZ(t7 Z) ‘x:() + G/ZRu:([-, Z) |x:0 +pc.\uz(l7 Z) (B.8b)

x=0

The artificial boundary conditions and the equivalent loads are developed for single phase solid materials. For a saturated poroelastic media, Biot
(1956) confirmed that two forms of compression wave exist, one propagates in solid phase and the other propagates in fluid phase. Li and Song (2013)
found that the compression wave propagating in fluid phase decays quickly if the permeability coefficient of the saturated poroelastic media is less
than 10 m/s, and the frequency of the input wave is less than 10 Hz. Both of these conditions are satisfied in this study. Thus, the method presented
here can be used for the saturated ground in this study.

Strictly speaking, the influence of the free field around the model should also be considered in the artificial boundary condition. However, analysis
shows that the influence of the equivalent loads caused by the free field is very limited and is omitted in this study.

Appendix C. . Wave decomposition method for actual seismic recording

A simplified method for decomposing shear wave and Rayleigh wave based on actual seismograms is presented here in brief. The actual velocity
seismograms are generally composed of two orthogonal horizontal components V', and V', and a vertical component V. For the 2-D model in this
study, the velocity of S wave on the ground surface is mainly in the horizontal direction, and is marked as V's,. Correspondingly, the horizontal and
vertical velocity components of R wave are marked as Vg, and V'g,, respectively. Coupling of P wave is neglected here for its greater wave velocity.
The wave decomposition must first satisfy:

— - = —
{LRX+LSJVG+ V/f (Cl)

Another condition is used in the decomposition based on the partition of energy between elastic waves proposed by Miller and Pursey (1955). For a
single-element source, the quantities of power radiated in S wave Wg and R wave Wk are presented as:
/2
Ws =K / / O5(0)04(0)sinddo
0 0 (C2)
Wy = K / X( = w/ex)d( — w]exz)

—o0
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The constant K and functions 0s(6), ©5(6), and X( — a/cgz) are related to the elastic modulus and Poisson’s ratio of the elastic ground, the details of
which are rather complex and could referred to in Miller and Pursey (1955). Thus, the ratio of R wave energy to S wave energy is given by:

(7; + 7,;) / T We/W,

(€3

Theoretically, V's,, Vry,and Vg, could be solved through formula (C.1) and (C.3). The equations for wave decomposition is then presented as:

VRz =V

Ve = (2 (m + 7,3) T+ ve)/3

e -\ =
Vse = | Via+ Vi |1 — Vpe

where the unit vector 7 is parallel to the direction of maximum velocity.
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